We address the problem of a swarm of autonomous mobile robotic sensors generating geometric shapes to build wireless ad hoc surveillance sensor networks. Robot swarms with limited observation are required to form different shapes under different task conditions. To do this, we propose decentralized coordination enabling a robot swarm dispersed across an area to form a desired shape. Our approach has n robots generate a circumscribed circle of a regular n-polygon based on local interaction with neighboring robots. The approach also enables a large robot swarm to form concentric circles through consensus. We mathematically demonstrate convergence confirming the feasibility using extensive simulation. Our results indicate that our approach is applicable to mobile sensor network surveillance and security networks.
Introduction
The ever-widening variety of applications to which robot swarms are put in part is endlessly interesting and entertaining, because individual robots may be unaware of how their local movement affects swarm behavior overall [1] . We focused on how individual robot mobility may be controlled to collectively achieve a desired spatiotemporal swarm structure for a given task. Building on our earlier work for uniformly dispersing a sensor network [2] , this paper presents decentralized coordination for a robot swarm generating concentric circles, originally inspired by cyclic insect pursuit [3] in which individuals maintain constant interval between themselves and others.
The problem may be better described by asking how to enable a swarm of robots to form concentric circles on a two-dimensional plane based solely on local information. Our main objective here is to provide a distributed coordination solution in which robots eventually generate circumscribed circles around regular polygons while making the centroids of individual circles coincides. This in turn may shed light on the implementation of other geometric formations of symmetry. In this sections that follow, the properties of proposed solutions are explained mathematically and their convergence analyzed. We show that a large swarm of mobile robots with limited visibility can establish concentric circles through extensive simulation. The encouraging results indicate that robot swarms can are be applied effectively to such problems as surveillance and security and contamination detection. This paper is organized as follows: Section 2 briefly describes related works and motivation. Section 3 formally defines the concentric circle generation problem. Section 4 details our decentralized coordination approaches and their convergence properties. Section 5 presents the overall algorithm for generating concentric circles, Section 6 summarizes simulation results of simulations, and Section 7 draws conclusions.
Background and Motivation

Related Work
Researchers in swarm robotics have proposed decentralized control schemes for self-configuration or geometric shape generation broadly divided into global and local strategies based on robot observation and/or communication range. Global strategies [4, 5] provide fast, accurate, efficient deployment but are technically unfeasible and lack scalability as the number of robots increases. Local strategies, based mainly on nature-inspired interactions between individual robots, may be further divided into bi-ological emergence [6, 7] , behavior-based [8, 9] , and virtual physics-based [10] [11] [12] [13] .
Local strategies yield two different deployments depending on whether or not robots share the same a priori global information, e.g., the number of robots and the center point of the desired shape. Without global information, local interactions result mainly in lattice networks [2, 14] . While such configurations provide dense overage and multiple redundant connections ensuring maximum topological reliability and flexibility, they may not yield the desired overall geometric shape. When we are primarily interested in the overall geometric shape, both predefined geometric neighbor relations and a global reference should be provided that include a leader, common coordinates, or individual identifiers [15] . The context behind shape generation in [16] is that local strategies are used to solve organization and pattern generation problems at the group level.
Another important issue facing robot swarm coordination is consensus, or agreement, studied mainly based on graph theory [17] . When a large number of robots cooperates to conduct a specific mission, they must share available information resources. Relative positioning data, for example, enables a robot to construct its state structure for other robots [18] , or robots directly exchange data mutually over a wireless network [19] . Theoretical information sharing techniques include time-invariant information exchange topology [20] , dynamic information exchange topology [21] , and communication delays [22] . Consensus techniques have also been used in such applications as pattern formation [23] and flocking [24] .
In earlier work [2, 14] , we presented the selfconfiguration of a robot swarm that configures itself on a two-dimensional (2-D) plane with geographic constraints. Robots are basically considered to be liquid particles that change location based on the shape of the container they occupy. Specifically, local interaction based on partially connected topology enables three neighboring robots to converge as an equilateral triangle. Accumulating such individual local robot behavior organizes uniformly spaced robot swarm to fill the environment. Our approach constructed uniformly spaced equilateral triangles conforming to the border of an unknown area, unlike in [13] . Here we assume that a swarm of robots disperses itself in an area with uniform spatial density.
In attempting to control a desired swarm shape, Suzuki and Yamashita [4] studied the generation of regular polygons based on a nonoblivious algorithm with unlimited memory capability. Defago and Konagaya [5] modified into an oblivious, or memoryless, algorithm, applying it to the algorithm of circles formation, decomposing the problem into two subproblems -first placing robots a circle and, second, arranging robots evenly along circles. Our step in forming concentric circles is far more challenging then a single circle and, to the best of our knowledge, no such research has been done previously. 
Why Concentric Circles?
Consider military surveillance and security in defending a territory against invaders. A security surveillance network could be built within and around the territory using mobile robotic sensors, but how to distribute the robotic sensors? Assuming the territory to be a point, a ring network would position robots the same distance from the point and provide omnidirectional coverage but any single sensor failing could cause the entire network to fail. Single robot movement or change thus affects the entire network performance. Hence, a multiple ring network, i.e., concentric circles, of several interconnected rings would overcome limitations while maintaining the ring network as shown in Fig. 1 . Topologically, the multiring network has three advantages: (1) Rings are scalable because the robotic sensor workload is independent of total number. (2) Individually, sensors depend only on their neighbors, making rings easy to manage decentralized way. (3) Rings are robust against sensor failure or delay, thanks to the overall network's additional inner and outer rings.
The formation of concentric circles also yields three desirable effects: (1) Robots are enabled to reach consensus on a common origin, with the circle easily scaled up or down radially. for the common origin. (2) A very useful key is provided for self-positioning robots or sensors around to the origin. (3) Motion control required by shape formation is extended and changed straightforwardly to include the flocking problem.
Problem Statement
Robot Model and Notation
We consider a swarm of autonomous mobile robots denoted as r 1 ,...,r i , r j ,...,r m on a plane, all within a single network constructed by our previously proposed selfconfiguration [2] . Robots have no leaders and identifiers, share no common coordinates, and retain no memory of past action. Due to a limited sensing boundary SB, they detect the locations of other robots only within a certain range. In addition, each robot is not allowed to communicate explicitly with other robots.
The distance between the robot r i 's position p i and the robot r j 's position p j is denoted as dist(p i , p j ), as shown in Fig. 2 
Problem Definition
We formally address the CONCENTRIC CIRCLE FOR-MATION problem for mobile robots with limited capabilities (mentioned above) as follows:
How should individual robot mobility be controlled to achieve concentric circles on a 2-D plane?
A circle is approximated by a regular n-polygon whose vertices correspond to the positions of n robots. Concentric circles share the same centroid. Circle generation requires that robots form a regular n-polygon while maintaining d u between adjacent robots. Robots then must agree on the centroid of individual circles. The concentric circle formation problem is then decomposed into the following two subproblems:
• Problem 1, Motion Control How can n robots be made to converge into individual vertices of a regular n-polygon?
• Problem 2, Observation Consensus How can to make all robot circles be made to share the same centroid?
Decentralized Coordination
Motion Control
In controlling individual robot motion control, r i interacts with its two neighboring robots r s1 and r s2 to calculate the target point p ti at t + 1, enabling the three robots to eventually form an isosceles triangle with side length d u , as shown in Fig. 3 Fig. 4 (a) , n robots are placed in the same interval d u on a circumscribed regular n-polygon. Since all robots control motion in the same way, their p ti (a) desired distribution by n robots.
(b) isosceles triangle p i p s1 p s2 . at t + 1 converges at an n-polygon vertex, thus yielding the n-polygon.
In considering a circumscribed circle around a regular n-polygon whose centroid is p c and side length is d u , triangle p i p s1 p s2 is an isosceles triangle with d u and α i , as shown in Fig. 4 (b) , so the internal angle ∠p i p s1 p s2 (=θ s1 ) is identical to ∠p i p s2 p s1 (=θ s2 ). Here, we denote θ s1 and θ s2 for simplicity as θ , the distance between p c and each vertex is identical, and internal angles between the distance vectors d r connecting p c and each vertex are all 2π/n. The distance vector length is denoted as d r , the desired convergence distance, so two triangles p i p s1 p c and p i p s2 p c are congruent, both isosceles with side length d r . In Fig. 4 (b) , angle ∠p s1 p i p c is obtained as follows:
For convenience, α r is used instead of α i because α i is a desired convergence angle identically applied to all robots located on each vertex of the n-polygon. Eq. (1) is rewritten as follows:
Similarly, in p i p s1 p s2 , θ is given by θ = π/n. If and only if these conditions are satisfied, n robots are considered placed on same circumference with the same interval d u . Using the sine formula (
sin(2π/n) . d r is straightforwardly rewritten as follows:
From the desired configuration above, r i motion control is modeled by both d i (t) from p c and α i (t) as shown in Fig. 5 . d i (t) is controlled as follows:
where a is a positive constant. The solution of Eq. (4) is d i (t) = |d i (0)|e −at + d r converging exponentially at d r as t approaches infinity. α i (t) is then controlled as follows:
where k is a positive number. Eq. (5) is solved likewise with θ i (t) = |α i (0)|e −kt + α r , which converges exponentially at α r as t approaches infinity. Eqs. (4) and (5) imply that the trajectory of r i converges at equilibrium state x e = [d r α r ] T . To show convergence at state
we use stability analysis based on Lyapunov's theory [25] . Convergence at the desired configuration is obtained by minimizing the energy level of the following scalar function:
This scalar function is always positive definite except d i = d r and α i = α r . The scalar function is derived bẏ
The scalar function is radially unbounded since it tends to ||V || → ∞ as ||x i (t)|| → ∞, so x e is asymptotically stable, implying that r i reaches the desired configuration.
To demonstrate the convergence of collective motions for n robots located on each vertex of the n-polygon, we define n-order scalar function V as follows:
Based on the convergence of Eq. (6), V is straightforwardly verified as positive definite andV as negative definite. V is radially unbounded because it tends to infinity as t approaches infinity. n robots consequently move toward equilibrium. Convergence properties so far have been analyzed as- suming that robots have information about the number of n robots to be located on the same circle. Under this assumption, our motion control enables n robots to achieve the desired configuration. Practically, due to limitations in SB, i.e., locality, in most cases, it is not possible to measure the number of n robots. Our discussion here is therefore only a necessary condition for the decentralized coordination of generating concentric circles. When no a priori information exists on the number of robots, we must determine how to reach agreement or how to share information about the number of n robots.
Observation Consensus
Consider a ring network shown in Fig. 6 . This network consists of n (∈ R) robots represented by corresponding point nodes numbered 1 through n in a 2-D plane. R is a real vector space in which each vector has a positive integer length. In the network, we use undirected
...,v n } and E(G ) is a set of edges between vertices E(G
We denote V (G ) and E(G ) for simplicity as V and E . Let A = (a i j ) denote the symmetric adjacent matrix formalized as follows:
denote the diagonal matrix formalized as follows:
where d(v i ) indicates the valance, or the number of edges, at vertex i. In a ring topology, d(v i ) is 2. The relation is defined as N i { j ∈ V : a i j = 0} and invariant while motion control is being executed. N i means the relation between the two most adjacent neighbors on the same circle, so we denote this as observation graph
With no a priori information about the number of robots n, the consensus solution enables state
for which see Eqs. (2) and (3).
x e depends on robot number n, so the problem becomes how to find n that enables x i to converge at x e . To reach consensus on n, which enables robots to form a regular npolygon with p c while maintaining d u between adjacent robots, we consider r i with the following network dynam- (11) where
To find n, the input of a consensus protocol in the network is defined as follows:
. . . . . . . . (12) Using Eqs. (10) and (12), the consensus protocol is summarized aṡ
Collecting each consensus protocol of r i into a matrix equation based on L, we obtain:
. . . (14)
If G o in the n-polygon is connected, L has the properties that every row sums to 0, all diagonal elements are positive, and all off-diagonal elements are negative. When all nonzero eigenvalues of L have strictly positive real parts, the protocol solves the consensus problem [22] , i.e., if n in (11) is found, x i converge at x e as t → ∞.
To show convergence at n based on Lyapunov's theory [25] , we first consider the following scalar function:
This scalar function is positive semidefinite due to the positive semidefiniteness of L (L1 = 0 and rank L = n − 1: nonfull-rank). The derivative of the scalar function is given bẏ
. (16) Note that the scalar function derivative is negative semidefinite. Here, the convergence cannot be shown only using Lyapunov's theory. Instead, we attempt to show convergence based on LaSalle's theory [26] . If the set of points whereV (z) in Eq. (16) was 0 is small and, at most of the points, the vector field is not parallel to the set, then LaSalle's invariance principle enables us to use the scalar function of Eq. (15) to prove asymptotic stability. We analyze the convergence property. Since Eq. (14) is a locally Lipschitz map [26] from R n into R n , we define set Ω {z ∈ R n |V (z) ≤ c} where c ∈ [0 ∞). Next, we check whether Ω is a close, compact, positive invariant set. If V (z) → ∞ as ||z|| → ∞, Ω is bounded for all values of c as the compact set. V (z) is, moreover, a decreasing function becauseV (z) ≤ 0 in Ω, from which Ω is easily seen to be positive invariant set. We therefore define set E = {z ∈ Ω|V (z) = 0}, and set M as the largest set in E. Since E itself is the positive invariant set within our case, i.e., z(0) ∈ M =⇒ z(t) ∈ M, ∀t ≥ 0, M = E. Our interest now lies in showing that z(t) → M as t → ∞, i.e., our consensus problem is that the only solution that remains identically in E is z = n1 in Eq. (11). Eq. (16) is therefore rewritten asV
SinceV (z) = 0 ⇒ Lz = 0, using the properties of L, we obtain the following:
. . . . . . . . . . (17) From Eq. (17), z(t) approaches n1 as t → ∞, i.e., the consensus protocol in Eqs. (12) and (13) enables r i to achieve x e as t → ∞ through convergence n1.
Algorithm for Generating Concentric Circles
We now discuss our algorithm for generating concentric circles by forming individual circumscribed circles around regular n-polygons. Robots first determine where they are after dispersing themselves uniformly in an area, as shown in Fig. 1 , by measuring the number of robots located at uniform distance d u . If the number of robots is less than 6, r i is in the outermost, or boundary, layer, and starts to interact with its neighbors to expand out- ward. Otherwise, it remains idle. Specifically, r i determines the center point of the robots within its SB, then, r i moves away from the center point in radially along a vector connecting the center point and p i , and defines the interaction range by rotating the radial direction vector 90 degrees clockwise and counterclockwise. r i finally selects the two neighbors that have the smallest angle between each boundary of interaction range and vectors connecting p i and robots located within d u . After neighbors are selected, the circle starts to be generated, with the same process done sequentially for the subsequent layers.
Based on the coordination in Section 4, concentric circles are generated in two stages. Stage 1 forms individual circles. Reaching agreement on the number of robots located on the same circle, n robots form a regular n-polygon considered a circumscribed circle around the polygon with p c and d r . After individual circle generation, r i continues with another attempt at consensus enabling agreement to be reached on the centroid of individual circles. To consider notation and definitions, as shown in Fig. 7 (a) , we denote the circle generated by 
Simulation Results and Discussion
Having developed our swarm robot simulator to verify the validity of the proposed algorithm, uniform distance d u was set to 5.1 throughout the simulation. Figs. 8 and 9 show the results of how a robot swarm discriminates itself to generate concentric circles. Note that concentric circles were formed after self-configuration shown in Figs. 8 (a)-(c) and 9 (a)-(c) , so dispersed robots have a uniform spatial density. After dispersion, each robot determines for itself whether its current location is at the outermost layer of the swarm. Robots in the outermost layer started generating a circle, as shown in Figs. 8 (d) and 9 (d) . Using the consensus on the number of robots, each robot relocates to form an isosceles triangle and, by repeating this process, all robots generate circular patterns. After a circle is generated by n robots, robots attempt to have the centroid of the circle agree with that of the adjacent circle radially inward, as shown in Figs. 8 (h) and 9 (h). Fig. 8 (i) shows that a swarm of 60 robots has generated 4 concentric circles and Fig. 9 (i) shows that a swarm of 100 robots has generated 6 concentric circles while maintaining d u with neighboring robots along the same circle. Figure 10 shows the simulation results for 100 robots with 15 initial uniform dispersion states, where distance variations between each robot and their adjacent robots are plotted based on the activation cycle step. The bold solid line denotes the mean value, the solid line the minimum value, and dashed line the maximum value. Error bars represent 95% confidence intervals. Note that each robot converged at predetermined uniform distance d u . After 17,000 steps, the mean converged quite significantly at d u . A closer look at the overall process shows that the generation of individual circles was completed at this step. Robots thereafter relocated to reach agreement on the centroid of individual circles, so the mean changes only negligibly. Figure 11 shows the process of reaching agreement on the centroid of concentric circles. Note in Fig. 11 (a) through (c) that the centroids of circles are not coincident and continue changing for a while, during which individual circles move toward a new centroid to make them coincident with each other. The robot swarm, thus, converged at the same centroid and the same d u .
Three main features highlight our approach: (1) Our algorithm enables a robot swarm with limited sensing capabilities to form concentric circles. We proposed local interaction-based motion control to form an isosceles triangle. Robots generate a circle circumscribed by a regular n-polygon while reaching agreement on the number of n robot located on the same circle, then further agree on the centroid of individual circles. (2) Isosceles triangles are built on the circumscribed circles of regular n-polygons. The triangle element is easy to construct and highly scalable as the number of robots increases. (3) Our approach eliminates major assumptions such as robot identifiers, common coordinates, global orientation, specific leaders, and direct communication. Robots calculate their target position without having to require past actions or states, which makes it easier to cope with transient error.
Practically speaking, three issues remain: (1) Our proposal relies on the fact that robots sense the positions of neighboring robots precisely using infrared [27, 28] or sonar sensors [16] , which require improvement. (2) Individual robots were not allowed to communicate explicitly with other robots. Using direct communications enables different shapes to be formed arbitrarily based on role assignment. Robots still require a priori knowledge, however, such as individual identifiers or global coordinates. Direct communication may also involve difficulties as limited bandwidth, range, and interference. (3) Certain applications require robot swarms to form concentric shapes while adapting to environmental borders such as holes, walls, or obstacles. To further facilitate implementation of our proposal in such real environments, a borderconforming approach must be developed.
Conclusion
We have presented a distributed shape generation algorithm enabling large robot swarms to form concentric circles on a two-dimensional plane. In being recognized as a generalized approach, this work sheds light on the generation of other symmetrical shapes. The key competitive advantage is that robots cooperatively form a shape under minimal conditions such as no leader, no unique identifiers, no common coordinates, and no direct mutual communication. Based on local interaction among neighboring robots that form an isosceles triangle alone, robots generate circles circumscribed by regu-lar n-polygons while reaching consensus on the number of robots located in the same circle, then further agreeing on the centroid of individual circles. The properties of this approach have been discussed mathematically and verified through extensive simulation. The results indicate that swarms of robots carrying minimal capability sensors can be applied effectively to such deployment as surveillance sensor networks and contamination detection.
